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Abstract. In this paper, we show that a class of variational inequalities related with contact 
problems in elastostatia can be characterized by a sequence of variational equations, which are 
solved by using the modified quintic splines collocations method. 
1. INTRODUCTION 
Variational inequality theory has developed into an interesting branch of applicable math- 
ematics which provides a number of nice and deep results. The idea and the approach 
of variational inequalities are being applied in a variety of diverse fields of mathematical 
and engineering sciences. It has been shown by Kikuchi and Oden [l] that the problem of 
equilibrium of elastic bodies in contact. with a rigid frictionless foundation can be studied 
in the framework of variational inequality. If the obstacle function is known, then we can 
apply the technique of Lewy and Stampacchia [2] to characterize the variational inequality 
by a sequence of boundary value problems without constraints, see [3] for numerical results. 
In this paper, we use the collocation method with quintic splines for solving the unilateral 
problems. 
In Section 2, we consider a class of contact problems in elasticity and formulate it in terms 
of variational inequalities. Using the penalty function method of Lewy and Stampacchia, 
we characterize the variational inequality by a sequence of variational equations. Section 3 
is devoted to the application of the quintic splines method for solving the problem of an 
elastic beam lying over an elastic obstacle. 
2. CONTACT PROBLEMS AND PENALTY METHOD 
For simplicity, we consider the linear fourth-order boundary value problem describing the 
equilibrium configuration of an elastic beam, pulled at the ends and lying over an elastic 
obstacle of constant height f and unit rigidity of the type: 
div) 2 0 on n = (-1,l) 
U>lE on q = (-1,l) 
1 
(2.1) 
u(-1) = u(1) = 0, u”(-1) = u”(1) = 0 
where 9 is the given obstacle function. 
We study the problem (2.1) via the variational inequality formulation in the Sobolev 
space Hz(n), which is a Hilbert space. We define the subspace Hj(f2) of H*(Q) as Hi(n) = 
{uCH2(R); &4/h = 0, u = 0 on &2}, where the derivatives are considered in the distribu- 
tion sense. To do so, we define the set A’ by I< = {uCHt(R) : u 1 9 on Q} which is a closed 
convex set, see [1,4]. It has been shown in [l] that the problem (2.1) can be characterized 
by the variational inequality 
a(u, 21 - u) 2 0, for all v E K, (2.2) 
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where 
J 
1 a(u,v) = u”.v”dx, for all u, v E Hi(n). (2.3) 
-1 
One can show that a(~, v) defined by (2.3) is coercive and continuous so that there exists 
a unique solution of (2.2) or equivalently (2.1), see [6,5]. 
Now using the idea of Lewy and Stampacchia [2], the variational inequality (2.2) may be 
written as 
Ji”) + Y(U - S)(u - ‘u) = 0, -1 5 I ,< 1 (2.4) 
u(-1) = u(1) = 0, u”(-1) = u”(1) = 0, 
where g is the given obstacle function given by 
(2.5) 
and v(t) is known as the penalty function which is defined by 
y(t) = 4, for t 5 0 and y(t) = 0 for t > 0. (2.6) 
Since the obstacle function Q(x) is known, from (2.4-2.6) we obtain the following system 
of equations: 
T.&~“) = 0, for - 1 < 2 < -i and 5 - - 5x51. (2.7) 
7Jiv) 3_ 4u = 1, for -+x5;, (2.8) 
with the boundary conditions ~(-1) = u(1) = 0, and the conditions of continuity of u and 
21” at 2 = -l/2, x = l/2 as 
u(-;) =+) =o, .yl)d+;) =d(;) =--21)/(l). (2.9) 
3. NUMERICAL RESULTS 
A numerical study to the problem on the interval (-i,i) was given in [3] using Pade 
approximate together with a finite difference technique. Here we give the numerical results 
over the whole interval [-I, l]. On using the quintic B-splines as our basis functions for 
the collocation method, the establishment of such functions assumes the continuity at the 
knotpoints together with its derivatives up to the fourth. 
So with the computed solution as 
n+3 
U = C CiBi(X)s 
1=-2 
We collocate at -1 = xc 5 xl 5 - < zn+l = 1 with h = 2/n + 1 getting (n + 2) 
equations. In addition we consider the boundary conditions shown in equations (2.7), (2.8), 
and (2.9) in which we expressed C_ 2, C-i, and C,,+s, C,,+s in terms of the some of the 
remaining Ci’S. i = 0,2,--, n + 2, also the values of u and u” were satisfied at l/2 and -l/2 
as given in equations (2.9). The following modifications [7] are considered to satisfy the zero 
boundaries 
B-i(Z) = B-i(z) - 26B_2(+), B_,(x) = &I(X) - 66B-Z(X). 
Bi(X) = &(+) - B-l(X), L(x) = &l(X) - Sa+2(x) 
_Bn (XI = Bn(x) - &+2(x), &+1(x) = Bn+l(X) - 66&+3(r) 
%+2(x) = &+2(x) - 26B,+3(x), k&(x) = Bi(x), 3 5 i L n - 2. 
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and our solution becomes u = CrzJ, G&(r). 
Using these modified quintic splines collocations, we obtain the following system of linear 
equations as with E = 120/h4: 
-24Co = Eh*/20 at t = ~0 
-6ECo + 5EC1 - 4ECz = 0 at + = zl 
ECi-2 - 4ECi_1 + 6Ci - 4ECi+l + ECi+z = 0, for - 1 5 I 5 -l/2 
(E + l)Ci-2 + (26 - 4E)Ci_l+ (66 + 6E)Ci + (26 - 4E)sCi-1 + 
for - l/2 5 X 
(E + zy~ = 1, 
ECi_2 - 4ECi_1 + 6Ci - 4ECi+l + EC;+? = 0, for l/2 5 x < 1 
-24c,+1 = Eh2/20 at x = x,,+~, 
In Table 1, we only give the results for E = .OOOOOl of (2.7), (2.8). 
TABLE 1: OBSERVED llEl[. 
h + 
L 1 
16 ZE 
Max. Residual 3 x 10-d 7 x 10-s 1.4 x 10-j 
REFERENCES 
1. N. Kikuchi and J.T. Oden, Contact problems in elasticity, SIAM, Philadelphia, U.S.A. (1988). 
2. H. Lewy and G. Stampacchia, On the regularity of the solutions of the variational inequalities, Comm. 
Pure Appl. Math. 22, 153-188 (1969). 
3. M. Aslam Noor and S.I.A. Tirmizi, Numerical methods for unilateral problems, J. Corn. Appl. Malh. 
16, 387-395 (1986). 
4. C. Baiocchi and A. Capelo, Variational and Quasi-variational Inequalities, J. Wiley and Sons, New 
York, (1984). 
5. J. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math. 20, 493-519 (1967). 
6. M. Aslam Noor, General nonlinear variational inequalities, J. Math. Anal. Appl. 126, 78-84 (1987). 
7. J.H. Ahlberg and T. Ito, A collocation method for two-point boundary value problems, Math. Comput. 
29, 761-776 (1975). 
Mathematics Department, King Saud University, P.O. Box 2455, Riyadh 11451, SAUDI ARABIA 
